Lusztig conjectured that the almost characters of a finite reductive group are up to a scalar the same as the characteristic functions of the rational character sheaves defined on the corresponding algebraic group. In this paper we verify this conjecture for the uniform almost characters of the Suzuki and the Ree groups, and to show that a conjecture of the same type holds for the disconnected case of type B 2 . We then state a conjecture on the possible values of the uniform almost characters on unipotent elements in the disconnected case of type F 4 .
Introduction
Let G 0 be a connected reductive group defined over the finite field with q elements and F 0 : G 0 → G 0 such that F δ 0 is a Frobenius map for some positive integer δ. We denote by G 004 or F 4 , and F 0 is the isogeny that defines the Suzuki and the Ree groups; in these cases F 2 0 is a Frobenius map and G F 2 0 0 is a simple group (except for the first value of the parameter). In [2] and [3] we compute the character table of G 0 in the cases of type B 2 and G 2 respectively. But the employed methods are essentially ad hoc and cannot be used for type F 4 .
When the algebraic group is connected, Lusztig has shown that the computation of the irreducible characters of G (this is a family of class functions on G F 0 0 defined using the generalized characters of DeligneLusztig) [12] . To obtain the values of these functions, he develops the theory of character sheaves on G 0 : to every F 0 -stable character sheaf on G 0 we can associate in a natural way a class function on G F 0 0 , the so-called characteristic function of the sheaf [14] . He conjectures that the characteristic functions of character sheaves coincide (up to a scalar) with the almost characters [14, V] . With some assumptions on the characteristic and on the center of G 0 , Shoji showed that this conjecture holds when F 0 is a Frobenius map [23] . Recently, Bonnafé proved that Lusztig's conjecture holds in type A n when the center of G 0 is not connected [1] .
The advantage of this approach is that the characteristic functions of F 0 -stable character sheaves can be computed using a uniform algorithm described by Lusztig in [14, V. §24]; the input of this algorithm is the generalized Springer correspondence introduced by Lusztig [13] .
Recently, Lusztig started a series of papers in which he develops a theory of character sheaves for disconnected groups and defines a generalized Springer correspondence in this case [15] ; we do not know at present whether Lusztig's algorithm is valid in this situation.
In this note, we apply this theory to the groups G 0 interpreted as a fixed-point subgroup of a disconnected reductive group G = G τ (here G is a connected reductive group constructed from G 0 , and τ is an automorphism of finite order of G) under a generalized Frobenius F , using a method developed by Digne in [6] . In the case that G 0 is of type B 2 or F 4 , the element τ (viewed as an element of G) is unipotent and we can thus determine the generalized Springer correspondence on the coset Gτ . We can then apply Lusztig's algorithm a priori as in the connected case; we show that Lusztig's conjecture holds for the disconnected type B 2 (using the explicit table in [2] ), and we give the possible values of the uniform almost characters on unipotent elements for the type F 4 .
The paper is organized as follows: in Section 2 we determine the classes of G from those of G 0 . In Section 3 we apply Lusztig's algorithm to G 0 (in the case of types B 2 , G 2 and F 4 ) with the twisted map F 0 that defines the Suzuki and Ree groups, and verify that Lusztig's conjecture holds in those cases for the uniform almost characters on the unipotent elements. In Section 4 we verify Lusztig's conjecture in the disconnected case of type B 2 , and give a conjecture for the case F 4 .
The group G 0
In this section G 0 is a connected reductive group defined over F q (where q is a power of 2), and F 0 is a map on G 0 such that F 2 0 is a Frobenius map.
Restriction of scalars
Now we will interpret the group G 0 = G
F 0 as a fixed-point subgroup under an endomorphism F of an algebraic group G; we use the construction developed in [6] . We
The group G is a non-connected reductive group with identity component G. Let F : G → G be the homomorphism defined by
and F (τ ) = τ . Let T 0 be a maximal rational torus of G 0 contained in a rational Borel subgroup of G 0 . The group B = B 0 × B 0 is an F -rational Borel subgroup of G containing T = T 0 × T 0 as maximal F -rational torus. The groups T and B are τ -stable, thus τ is quasi semisimple. It is not difficult to show that τ is in fact quasi-central [8, 1.15] . We put B = B τ and T = T τ ; we have B = N G (B) and T = N G (T, B) . Thus T and B are respectively a rational "torus" and a rational "Borel" subgroup in the sense of Digne 
Proof. The isomorphisms are given by
ϕ : G 0 → G τ , g → (g, g) and ϕ : G F 2 0 0 → G F , g → (g, F 0 (g)). Moreover, since we have ϕ • F 0 = τ • ϕ , it follows that F | G F acts the same on G F as F 0 | G F 2 0 0 acts on G
Conjugacy classes
We will now describe the conjugacy classes of the groups appearing in Section 2.1. We are interested in the conjugacy classes of elements belonging to the coset Gτ . 
Proposition 2.3. The map f : G 0 → Gτ, x → (x, 1)τ induces a bijection from the conjugacy classes of G 0 to the classes in the coset Gτ and we have
Moreover, f induces a bijection between the unipotent classes of G 0 and the unipotent classes in the coset Gτ .
Proof. We first remark that every conjugacy class in the coset Gτ has a representative of the form f (g) for some g ∈ G 0 , because (x 1 , x 2 )τ is conjugate to f (x 1 x 2 ). The bijection between the classes is now a consequence of Lemma 2.2. Moreover we have:
We 
Recall that the characteristic of the considered groups is 2. It follows that the bijection induced by f is compatible with the unipotent classes.
We now discuss the F -rational classes of G in the coset Gτ . We first recall a relevant result which is a direct consequence of Lang's theorem: Theorem 2.4. Let G be a connected reductive group defined over F q and F a generalized Frobenius map on G. Suppose that G acts transitively on a set X, suppose that there exists F : X → X such that F (gx) = F (g)F (x) for every g ∈ G and x ∈ X, and suppose finally that Stab G (x) is a closed subgroup of G. Then X F is non-empty and if x 0 ∈ X F , we set
and denote by π the canonical projection of 
Proof. The map f gives a bijection between the F 0 -rational classes of G 0 and the F -classes in the coset Gτ because F ((g, 1)τ ) is conjugate to (g, 1)τ if and only if F 0 (g) and g are conjugate.
Let g 0 ∈ G F 0 0 , then we have
Since (g 0 , 1) ∈ G, we can find a u ∈ G such that (g 0 , 1) = u −1 F (u) (we apply Lang's property in the connected group G with the generalized Frobenius F ). The element u(g 0 , 1)τ u −1 is rational and we have
Let g, h ∈ CG((g0, 1)τ ), we then have
Consequently the F -classes of CG(u(g0, 1)τ u −1 ) are in bijection with the F g 0 -classes of CG((g0, 1)τ ), where
We can apply Theorem 2.4 with X = Cl((g 0 , 1)τ ) and F being the restriction of F to this set; we take u(g 0 , 1)τ u −1 as a rational element. It follows that the G F -classes of Cl(f (g 0 )) F are in bijection with the F g 0 -classes of A(f (g 0 )). But for every (h, h) ∈ CG(f (g 0 )), we have
• , and we have
Thus the F 0 -classes of A G 0 (g 0 ) are in bijection with the F -classes of A(f (g 0 )). This proves that the classes of G F 0 are in correspondence with the classes of G F in the coset Gτ . We set π (resp. π 0 ) to be the canonical projection of CG(
. Let π 0 (a) be a representative of a F 0 -class of A G 0 (g 0 ) and letã be a corresponding class representative of G F 0 0 given in Theorem 2.4. We then have
where ( a, a) is a representative of the class of G F corresponding to π(a, a).
) and the result is proven. 2 Remark 2.6. The element u in the preceding proof can be explicitly chosen as follows: since g 0 belongs to the connected group G 0 , using Lang's property in this group, we can find x ∈ G 0 such that g 0 = x −1 F 2 0 (x). We then have
)τ is a rational element in the rational class of (g 0 , 1)τ . In [7] Digne and Michel define the Shintani correspondence: This is a bijection N F/F 2 between the conjugacy classes of G 
where ϕ is the explicit isomorphism between G 
Lusztig's conjecture for the Suzuki and the Ree groups
In this section we will prove that the simple groups of types B 2 , G 2 , and F 4 with the Frobenius map defining the Suzuki and Ree groups satisfy Lusztig's conjecture. For the explicit calculations in this section, we will use programs developed in GAP [9] by the author. We will first recall some generalities.
Generalized Springer correspondence
Let G 0 be a connected reductive group defined over the finite field of q elements and let F 0 be the corresponding Frobenius map. We set N to be the G 0 -classes of pairs (u, φ), where u is a unipotent element of G 0 and φ an irreducible character of the component group A G 0 (u) defined in the proof of Proposition 2.5. Two pairs (u, φ) and (v, ψ) are in the same G 0 -class if there exists an x ∈ G 0 such that v = x −1 ux and ψ(t) = φ(xtx −1 ) for every t ∈ A G 0 (v) (note that it is independent of the choice of x). In [13] Lusztig associates to every pair 
Lusztig's conjecture
We use the same notation as in Section 3.1. We denote by T 0 a maximal rational torus of G 0 contained in a rational Borel B 0 of G 0 . We define W to be the Weyl group N(T0)/T0 of G 0 . Since T 0 is rational, it follows that F 0 acts as an automorphism on W ; we denote it with the same symbol. Let ρ ∈ Irr(W ) such that ρ F 0 = ρ; using Clifford theory we can extend ρ to W = W F 0 . We choose such an extensionρ and we define the uniform almost character of G
where R w is the generalized Deligne-Lusztig character R
) associated to the rational torus T w of G 0 corresponding to w. For a definition and properties of these characters we refer for example to [5, Section 7] .
Let C be a rational unipotent class in G 0 , and E be an F 0 -stable irreducible local system on G 0 which is G 0 -equivariant for the conjugation action of G 0 . In [14] Lusztig associates to (C, E) an irreducible F 0 -stable perverse sheaf on G 0 . We can attach to it its characteristic function X C,E on G F 0 0 (see [14, II.8.4 ] for the definition), defined up to a scalar. Following [22, 3.5] , there is a correspondence between the pairs (C, E) defined previously and the pairs (u, φ) defined in Section 3.1 such that u is rational and φ is F 0 -stable (the set of such pairs is denoted by N F 0 in the following); we denote by X u,φ the corresponding characteristic function in this correspondence. We denote by N 0 (resp. N Lusztig conjectures that the uniform almost characters Rρ u,φ and the characteristic func-
0 coincide up to a scalar. We will verify that this conjecture holds on unipotent elements. Remark 3.1. Lusztig's conjecture is more general. Lusztig defines the almost characters in [12, 13.6 ]. Lusztig's conjecture asserts that these class functions coincide up to a scalar with the characteristic functions of every F 0 -stable character sheaf on G 0 . To compute the values of these functions, it is sufficient to compute the values of the characteristic functions X C,E on the unipotent elements (see [14, II.8.5] ).
Lusztig's algorithm
We keep the notation of the preceding sections. Our aim is to compute the values of the characteristic functions X u,φ for (u, φ) ∈ N We now recall Lusztig's algorithm. We first choose an order on N [25, 2.7] . With our notation we have
We set P to be the matrix with coefficients p (v,ψ) , (u,φ) . In [14, V.24] Lusztig shows that the coefficients of P are rational, that the diagonal elements of P are 1 and that P is an upper triangular matrix.
We give a way to compute the matrix P . To this end, we introduce the nonsingular bilinear form
where X denotes the set of unipotent elements of G
We set
whereρ u,φ is an extension of the F 0 -stable character ρ u,φ given in Section 3.1 to the group W F 0 , and T w is the rational torus of G 0 corresponding to w. We set Ω to be the matrix with coefficients w (u,φ) , (v,ψ) . Lusztig proves that the matrix P defined as above is the unique solution of
where Λ is a block diagonal matrix, which is uniquely determined from the equation, when we choose the dimension of the blocks compatible with the relation ∼.
The Suzuki groups
Let G 0 be a simple algebraic group of type B 2 defined over the algebraic closure of the field of 2 elements. Let n be a non-negative integer; we set q = 2 n √ 2 and F 0 = σ • F 2 n , where F 2 n is the standard Frobenius map on G 0 over F 2 n and σ is the bijective endomorphism arising from the symmetry of the Dynkin diagram, see [4, §12.3] . The Suzuki group with parameter q 2 is defined as G F 0 0 ; it has order q 4 (q 2 − 1)(q 4 + 1). The Weyl group of G 0 is the dihedral group of order 8. We denote by w a and w b the two generators of W corresponding to the roots a and b respectively. We denote by x r (t) (for a root r and t ∈ F 2 ) the Chevalley generators of G 0 , and we set x a = x a (1) and x b = x b (1) . By convention, we choose b for the long root. The group W has 5 irreducible characters. We denote by ε the sign character of W and by χ the irreducible character of degree 2. The two other linear characters are denoted by ϕ 1 and ϕ 2 , the choice is such that ϕ 1 (w a ) = −1. 
In Table 1 
Uniform almost characters
The Weyl group W of G 0 has three F 0 -stable characters 1 W , ε and χ . We choose extensions1 W ,ε andχ to W F 0 . The values of these characters appear in Table 2 . The decomposition into irreducible components of the uniform almost characters (computed using the definition of uniform almost characters in Section 3.2) of the Suzuki groups are given in [10, are the two cuspidal unipotent characters of the Suzuki group (see [27] ); note that the results there are correct, however, one has to use our choices forχ given in Table 2 , contrary to what they claim in [10, Table 3 .
Lusztig's algorithm for the Suzuki groups
The order on N 
The matrices P and Λ resulting from Lusztig's algorithm described in Section 3.3 are
Moreover, the characteristic functions X u,φ with (u, φ) ∈ N 
The Ree groups of type G 2
Let G 0 be a simple algebraic group of type G 2 defined over F 3 ; we set q = 3 n √ 3 for some non-negative integer n and F 0 = σ • F 3 n , where σ is described in [4, §12.4] and F 3 n is the standard Frobenius map over F 3 n . The finite group G F 0 0 is the Ree group of type G 2 with parameter q 2 , which has order q 6 (q 2 − 1)(q 6 + 1). The Weyl group of G 0 is the dihedral group of order 12. We denote by w a and w b the reflections of W corresponding to the roots a and b respectively (here b is the long root). As before, we denote by x r (t) the Chevalley generators of G 0 . The group W has 6 irreducible characters. We denote by 1 W the trivial character and by ε the sign of W . There are two other linear characters; we denote by a (resp. b ) the one which satisfies a (w a ) = −1 (resp. b (w b ) = −1). We denote by θ and θ the two characters of degree 2 such that θ (w a w b ) = 1.
In Table 5 we recall the generalized Springer correspondence for a simple group of type G 2 in characteristic 3; see [26] . To obtain the correspondence for θ and θ with our notations, we use that b θ = 1 and b θ = 2, where b χ denotes the smallest positive integer k such that χ occurs in the representation of W on the space of homogeneous polynomials of degree k on the natural complex reflection representation of W . The representatives of unipotent classes of G 0 are 
Uniform almost characters
The F 0 -stable characters of W are 1 W , ε, θ , and θ . In Table 6 we give the values of one of their extensions on the coset W F 0 . To simplify the notation, we set w 1 = w a , w 2 = w a w b w a , and w 3 = w a w b w a w b w a .
In [10, Table 1 ], the decomposition of the uniform almost characters of the Ree groups are given. We use the notation of [28] for the unipotent characters of G F 0 0 . We have: Table 5 Generalized Springer correspondence for type Table 6 Values of extensions on
Using the character table of G are given in Table 7 .
Lusztig's algorithm for the Ree groups of type G 2
We first recall the orders of the finite tori of G F 0 0 corresponding to w ∈ W ; we have |T
0 . In order to define the ϕ u,φ , we choose as extensions the trivial character of
F 0 , we choose the extension of the trivial character of A G 0 (u 5 ) which is not the trivial character of A G 0 (u 5 ) F 0 . In Table 8 we give the values of the corresponding functions. 
The matrices P and Λ resulting from Lusztig's algorithm described in Section 3.3 are 
The Ree groups of type F 4
Let G 0 be a simple algebraic group of type F 4 defined over F 2 ; we set q = 2 n √ 2 for some nonnegative integer n, and [20, p. 139] . We recall in Table 9 the Springer correspondence of G 0 . We denote by the non-trivial character of Z/2Z, by θ the irreducible character of S 3 of degree 2, and by and the two linear characters of D 8 different from the trivial and the sign characters. There are 10 unipotent classes of G 0 which are F 0 -stable. They have as representatives the elements x 0 , x 3 , x 4 , x 9 , x 15 , x 16 , x 17 , x 24 , x 29 and x 31 . In [21] Shinoda shows that F 0 acts trivially on A G 0 (x 9 ), A G 0 (x 29 ), A G 0 (x 17 ), and A G 0 (x 31 ) . The action of F 0 on A G 0 (x 24 ) is not Table 10 Values of extensions on
trivial; this group has three F 0 -classes. Note that F 0 = . This allows to parametrize the conjugacy classes of G F 0 0 . We denote by u i (0 i 18) a system of representatives as in [21, Table 2 ].
Uniform almost characters
The group W has eleven F 0 -stable characters: 21 ),
Using the Table 11 .
Lusztig's algorithm for the Ree groups of type F 4
The order on N
The orders of the finite tori corresponding to elements w ∈ W are given in the following table.
Using Table 10 , we can compute the matrix Ω defined in Section 3.3. We now give the selected extension of φ to A (x 0 , 1), (x 4 , 1), (x 9 , 1), (x 15 , 1), (x 17 , 1), (x 24 , 1), and (x 31 , 1) . We choose the extension of the trivial character which is not trivial on (x 3 , 1), (x 16 , 1), and (x 29 , 1) . The group A G 0 (x 17 ) is isomorphic to S 3 (the symmetric group of degree 3), and F 0 acts trivially on it. Thus A G 0 (x 17 ) 
F 0 is a direct product; we chooseθ to be the extension of θ such thatθ(F 0 ) = −2. We can then compute the corresponding functions ϕ u,φ . 
where
Moreover, for every (u, φ) ∈ N 
The disconnected cases
We keep the same notation as in the preceding sections.
Uniform almost characters
Digne and Michel [8] and Malle [17] have generalized the Deligne-Lusztig theory to disconnected groups. We briefly recall the construction: let T be a rational "torus" of G contained in a "Borel" B (we recall that "Borel" subgroup and "torus" of G are subgroups of the form N G (B ) and N , where is a prime number not equal to the characteristic. Let θ ∈ Irr( T F ). We define the associated generalized Deligne-Lusztig characters by (see [8, §2] )
We now give a parametrization (up to conjugacy) of the rational "tori" of G containing τ . We recall that the "tori" of G are conjugate in G; see [8] . Let T be a "torus" of G containing τ , then T • = T ∩ G is a maximal torus of G, and we have T = T • τ . Proof. Write X for the set of "tori" of G. The connected group G acts transitively on X. We denote by F the map X → X, T → F ( T ). We have F (x T ) = F (x)F ( T ), and NG • (T ) is a closed subgroup. We can now apply Theorem 2.4. The "torus" T = (T 0 × T 0 ) τ is a rational "torus" of X. We have
It follows that μ is an isomorphism of algebraic groups between NG 0 (T 0 ) and NG( T). Since CG( T) = μ(T 0 ), we deduce that
Moreover, we have
where μ is the map wT 0 → μ(wT 0 ). We then have
Let w ∈ NG 0 (T 0 )/T 0 and let n w be a representative of w in NG 0 (T 0 ). Let x ∈ G 0 be such
The result is then a consequence of Theorem 2.4. 2
Remark 4.2.
We have found an analogue of Proposition 1.40 of [8] in our special case (with explicit representatives for the classes of rational "tori"). As a consequence of Proposition 4.1, we obtain Proposition 1.38 of [8] , which says that every G F -class of a "torus" of G has a representative that contains τ .
The Weyl group of G is W = NG(T)/T, where T = T 0 × T 0 . Following Malle in [17] , we give a definition of the uniform almost characters of G F : let ρ be an irreducible character of W τ , and letρ be an extension of ρ to W = W τ F . We define the uniform almost character corresponding to ρ as the restriction of the class function onto the coset G F τ : (here we adapt the definition [17, Definition 2] given in the case where F acts trivially on the Weyl group):
Note that W τ is isomorphic to W 0 , and the operation of F on W τ is the same as the one of F 0 on W 0 .
In order to compute the decomposition of the characters R G 
Here
Generalized Springer correspondence
The generalized Springer correspondence is extended to disconnected groups in [15, II] Remark 4.6. In fact, for the disconnected cases of type B 2 and F 4 , the generalized Springer correspondence of the pairs lying in N D is in correspondence with the generalized correspondence of the pairs lying in N . The generalized Springer correspondence for disconnected groups indeed satisfies the same properties as the generalized Springer correspondence for connected groups. These properties are recalled in [18, §2] . Moreover, in [26] Spaltenstein proves that the generalized Springer correspondence for a simple group of type F 4 in characteristic 2 corresponding to the pairs which are not in N 0 , can be computed using only these properties.
The disconnected case of type B 2
We use the notation of [2] . Note that the symbol q in [2] is the symbol q 2 in this paper. The group G F has 4 unipotent characters 1 G F , θ 1 , θ 4 and θ 5 which extend to G F . If θ is such a character, we denote byθ the extension such thatθ(τ ) > 0. The values of these extensions are given in [2, Table 9 ]. Since every class of G lying in the coset Gτ is real, it follows from Remark 2.6 that the class of f (x) (where x ∈ G 0 and f is defined as in Proposition 2.3) is the Shintani correspondent of x in G 
Proof. Using the proof of [2, Proposition 3.1], we deduce that
where , τ is the restricted scalar product introduced in Proposition 4.3. We indeed have We can then formally apply Lusztig's algorithm with these data as input. We remark that if u is a unipotent element of G 0 , then the varieties B u and B f (u) (with f defined in Proposition 2.3) are isomorphic. The isomorphism is given by B ∈ B u → (B , B ) ∈ B f (u) .
We have seen in Proposition 2.3 that f (u) lies in a rational unipotent class of Gτ . Let u be a rational element in the class of f (u) obtained by the process of the proof of Proposition 2.3. We have shown that the action of F on A(u ) is the same as the one of F on A(f (u)). Thus we obtain a bijection between the pairs (u , φ ) ∈ N Hereφ denotes an extension of φ • μ −1 to A(f (u)) F . Forφ we choose the same extension as in Table 4 . Notationwise we replace the functions ϕ u,φ by ϕ f (u),φ in Table 4 , and the classes as in Corollary 4.8. 
